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RESIDUAL DIMENSION OF NILPOTENT GROUPS
MARK PENGITORE
ABSTRACT. The functions FG(n) measures the asymptotic behavior of residual finiteness for a finitely gen-
erated group G. In previous work [7], the author claimed a characterization for FN(n) when N is a finitely
generated nilpotent group. However, a counterexample to the above claim was communicated to the author, and
subsequently, the statement of the asymptotic characterization of FN (n) is incorrect. In this article, we intro-
duce new tools to provide lower asymptotic bounds for FN(n) when N is a finitely generated nilpotent group.
Moreover, we introduce a class of finitely generated nilpotent groups for which the upper bound of [7] can be
improved. Finally, we construct of a class of finitely generated nilpotent groups N for which the asymptotic
behavior of FN(n) can be fully characterized.
1. INTRODUCTION
A groupG is residual finite if for each nontrivial element x∈G, there exists a surjective groupmorphism
ϕ : G→ Q to a finite group such that ϕ(x) 6= 1. When G comes equipped with a finite generating subset
S, we are able to quantify residual finiteness of G with the function FG,S(n). The value of FG,S(n) is the
maximum order of a finite group needed to distinguish a nontrivial element from the identity as one varies
over nontrivial elements of word length at most n. Since the dependence of FG,S(n) on S is mild, we suppress
the generating subset throughout the introduction.
In previous work [7], we claimed an effective characterization of FN(n) when N is an infinite, finitely
generated nilpotent group as seen in the following theorem. Note that the numbering and any unexplained
terminology comes from [7].
[7, Theorem 1.1]. Let N be an infinite, finitely generated nilpotent group. Then there exists a ψRF(N) ∈ N
such that FN(n) ≈ (log(n))ψRF(N) . Additionally, we may compute ψRF(N) given a basis for γc(N/T (N))
where c is the step length of N/T (N).
Khalid Bou-Rabee communicated to us a counterexample to [7, Theorem 1.1]. To be specific, he con-
structed a torsion free, finitely generated nilpotent group N where [7, Theorem 1.1] predicts that FN(n)
grows asymptotically as (log(n))5, but where it can be shown that FN(n) is bounded asymptotically above
by (log(n))4. Upon inspection of the article, it turns out that [7, Proposition 4.10] is incorrect (see Proposi-
tion 3.2). The upper bound for FN(n) produced in [7], while no longer sharp, is still correct. The purpose
of this article is to provide asymptotic bounds for FN(n) when N is finitely generated nilpotent group which
takes into account Bou-Rabee’s construction. We start by giving an exact computation of FN(n) when the
nilpotent group has an abelian, torsion free quotient, and when the nilpotent group has a non-abelian, torsion
free quotient, we provide a lower asympototic bound for FN(n) in terms of the step length of N. Moreover,
we provide conditions for when we can construct an upper asymptotic bound for FN(n) that is better than
the one given by [7, Theorem 1.1]. Finally, we provide conditions on the nilpotent group for when our
methods can explicitly compute FN(n).
Before we start, we introduce some notation. For two nondecreasing functions f ,g :N→N, we say that
f - g if there exists a constantC > 0 such that f (n)≤Cg(Cn). We say that f ≈ g if f - g and g- f . For
a group G, we denote γi(G) as the i-th step of the lower central series of G. Finally, for a finitely generated
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nilpotent group N, we denote h(N) as its Hirsch length and define T (N) as the subgroup generated by finite
order elements.
1.1. Residual finiteness. We start with the case of infinite, finitely generated nilpotent groups N where
N/T (N) is abelian.
Theorem 1.1. Let N be an infinite, finitely generated nilpotent group such that N/T (N) is abelian. Then
FN(n)≈ log(n).
The situation is more interesting when N/T (N) has step length c> 1 as seen in the following theorem.
Theorem 1.2. Let N be an infinite, finitely generated nilpotent group such that N/T (N) has step length
c> 1. There exists a natural number dimRFL(N) such that dimRFL(N) ≥ c+ 1 and where
(log(n))dimRFL(N) - FN(n).
For this theorem, we need to find an infinite sequence of elements {xi}∞i=1 such that the minimal finite
order group Qi where there exists a surjective group morphism ϕi : N → Qi satisfying ϕi(xi) 6= 1 has order
approximately (log(‖xi‖)dimRFL(N). We start the search for this sequence by demonstrating that we may
assume that the nilpotent group N is torsion free. We then find an element x ∈ N such that there exists
an infinite sequence of natural numbers {mi}∞i=1 for which our desired sequence of elements is given by
{xmi}∞i=1. Any such element x will be a primitive element in the isolator of γc(N), and associated to these
elements, there exists an invariant dimRFL(N,x) which captures the lower asymptotic behavior of separating
powers of x from the identity with surjective group morphisms to finite p-groups as one varies the prime
number p. Letting RPN,x,i be the set of primes p such the order of a minimal finite p-group which witnesses
the primitive element x has order pi, we take dimRFL(N,x) to be the minimal i0 such that |RPN,x,i0 | =
∞. By maximizing dimRFL(N,x) over all primitive elements in the isolator of γc(N), we obtain the value
dimRFL(N).
For the next theorem, we say a finitely generated nilpotent group has tame residual dimension if the
sets RPN,x,i have a natural density for all primitive elements x in the isolator of γc(N) and indices i. This
definition implies that we may associate an invariant to any such primitive element x which takes into
account the smallest index i where we may apply the Prime Number Theorem relative to the set RPN,x,i.
We denote this value as dimRFU(N,x), and by maximizing this value over all such elements, we obtain
the value dimRFU(N) which gives an polynomial in logarithm upper asymptotic bound for FN(n) for this
class of nilpotent groups. As Bou-Rabee’s example demonstrates, there exists a class of nilpotent groups
who residually finiteness is strictly slower than what is predicted by [7, Theorem 1.1], and the motivation in
introducing the definition of tame residual dimension is to precisely capture this phenomenom. In particular,
we see that in the follow theorem.
Theorem 1.3. Let N be an infinite, finitely generated nilpotent group. Then
FN(n)- (log(n))
ψRF(N) .
Now suppose that N has tame residual dimension. Then there exists a natural number dimRFU(N) satisfying
dimRFU(N)≤ ψRF(N) such that
FN(n)- (log(n))
dimRFU(N) .
If dimRFU(N) ψRF(N), then FN(n) grows strictly slower than what is predicted by [7, Theorem 1.1].
We observe that the first statement of the above theorem is the upper bound produced for FN(n) in [7,
Theorem 1.1], and we claim no originality in including it in this article. We restate this theorem and give its
proof to show the similarities and differences between the proof of the original upper bound and the proof of
improved upper bound in the case of finitely generated nilpotent groups that have tame residual dimension.
In particular, we want to highlight how the geometry of finite p-quotients of a finitely generated nilpotent
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group changes as we vary the prime and how it contrasts with torsion free quotients of the nilpotent group
with one dimensional center.
For this last class of nilpotent groups, we are able to apply our methods to completely characterize the
asymptotic behavior of FN(n). In addition to assuming that the sets RPN,x,i have a well defined natural
density for all primitive elements x and indices i, we assume that these sets RPN,x,i are finite when i <
dimRFU(N,x). In particular, we may ignore these sets of primes when calculating an asymptotic lower
bound for FN(n). Finitely generated nilpotent groups that satisfy these properties are said to have accessible
residual dimension, and as a consequence, we have that dimRFL(N) = dimRFU(N) whose common value
is denoted dimARF(N).
Theorem 1.4. Let N be an infinite, finitely generated nilpotent group such that N/T (N) has step length
c> 1, and suppose that N has accessible residual dimension. Then there exists a natural number dimARF(N)
such that c+ 1≤ dimARF(N)≤ ψRF(N) and where
FN(n)≈ (log(n))dimARF(N) .
1.2. Previous bounds found in the literature. To the author’s knowledge, the best previously known as-
ymptotic lower bound for FN(n) for the class of infinite, finitely generated nilpotent groups was log(n)
which was given by [1]. This lower bound does not use any of the structure of the nilpotent group other
than it containing an infinite order element, and subsequently, the lower bound is not connected to the ge-
ometry of the nilpotent group in consideration. On the other hand, the lower bounds produced in this article
reflect the step length of the nilpotent group and take into account the geometry of the pro-p completion
as the prime p varies. In particular, this asymptotic lower bound represents a signicant improvement in the
understanding of FN(n).
The first asymptotic upper bound for FN(n) in the literature was (log(n))
h(N) and was given by [1,
Theorem 0.2]. This upper bound partially reflects the structure of N in that the h(N) gives the dimension of
the real Mal’tsev completion of N. However, the bound (log(n))ψRF(N) reflects the geometry of the different
quotients of the real Mal’tsev completion which has one dimensional center in which a given primitive
central element of N does not vanish. In particular, the original bound given in [1] can be improved as
soon as the center of the Mal’tsev completion has dimension greater than 1 which can be seen in the above
theorem.
When the nilpotent group has tame residual dimension, the upper bounds can be improved even further.
This improved bound reflects the number theoretic properties of these nilpotent groups in relation to how
finite p-quotients behave as the prime p varies. In particular, these finite p-quotients are related to the
distribution of primes p for which a polynomial F(T ) with integer coefficients has a solution mod p as we
will see in Bou-Rabee’s example. As a consequence, the upper bound for residual finiteness for nilpotent
groups with tame residual dimension reflects more strongly how geometry of the pro-p completion of the
given nilpotent group varies with the prime p and how their geometry differs from the Mal’tsev completion
than what is seen in the literature or in the first asymptotic upper bound given in this article.
1.3. Partial recovery of the asymptotic behavior of FN(n). It is important to note that we are unable to
fully recover the asymptotic behavior of FN(n) for a general finitely generated nilpotent group N; however,
if we could show that the sets RPN,x,i have positive natural density or are finite, we would be able to fully
characterize FN(n). For reasons related to the structure of nilpotent linear algebraic groups defined overQ,
we believe this to be the case and go into detail in the next few paragraphs
Up to passing to a finite index subgroup, every torsion free, finitely generated nilpotent group N arises
as the group of integral points of a connected linear algebraic group N defined over Q where the image of
N provides a Z-structure for the Lie algebra n of N. Since N satisfies strong approximation, we have that
the smooth mod p reduction of N, denoted Np, is well defined for all but finitely many primes p, and for
such primes p, we have that the image of N under the natural morphism is isomorphic to Np(Fp) where
Np(Fp) is the group of Fp points. In particular, the Lie algebra of Np, denoted as np is given by the mod
p reduction of the Z-structure on n. Thus, if there exists a normal connected algebraic subgroup Hp E Np
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such that (Np/Hp)(Fp)witnesses x and where dimFp(Np/Hp) = i for all primes p∈RPN,x,i, we may reduce
the study of separating powers of x to the study of quotients of np in which a nonzero vector X ∈ n does
not vanish as we vary the prime p. At this point, we would use Lie theoretic methods and basic algebraic
geometry as a way to study Lie quotients of np for different primes p. This perspective gives more traction
to study the sets RPN,x,i and provides intuitive justification for the sets RPN,x,i having a natural density.
For p ∈ RPN,x,i where i < dimRFU(N,x), we have that any finite p-group P that witnesses x and where
|P|= pi may have step length less than that of N. These primes would correspond to finite quotients of the
Z-structure on n which lose the structure of N. The premise is that the structure constants of the Z-structure
may vanish mod p; however, since there are finitely many structure constants, we would have that the Lie
algebra np would recieve the full Lie bracket structure of n for all but finitely many primes p. That should
imply that the set RPN,x,i is finite when i< dimRFU(N,x) for any primitive element x.
1.4. Plan of paper. In §2, we introduce necessary background and conventions for this paper. §3 expounds
on the example provided to by Khalid Bou-Rabee. §4 introduces and defines the constants dimRFL(N),
dimRFU(N), and dimARF(N) for infinite, finitely generated nilpotent groups. §5, §6, and §7 provide proofs
of Theorem 1.2, Theorem 1.3, and Theorem 1.4, respectively. §8 finishes with the computation of FN(n)
when N is a Filiform nilpotent group.
1.5. Acknowledgments. I want to thank for my advisor Ben McReynolds for all of his help and guidance.
I would like to thank Khalid Bou-Rabee for making me aware of his counterexample to [7, Theorem 1.1].
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2. BACKGROUND
2.1. Notation and conventions. We let lcm{r1, · · · ,rm} be the lowest common multiple of {r1, · · · ,rm} ⊆
Z with the convention that lcm(a) = |a| and lcm(a,0) = 0. We let gcd(r1,r2) be the great common divisor
of the integers r1 and r2 with the convention that gcd(r,0) = |r|. We write N to be the set of natural numbers
excluding 0 and denoteP as the set of prime numbers.
We denote ‖g‖S to be the word length of g in G with respect to the finite generating subset S, and when
the subset S is clear from context, we will write ‖g‖. We denote the identity of G as 1 and denote {1} as
the trivial group. We let OrdG(x) be the order of x as an element of G and denote the cardinality of a finite
group G as |G|. For a normal subgroup H E G, we set piH : G→ G/H to be the natural projection and
write x¯ = piH(x) when H is clear from context. When given a nonempty subset X ⊂ G, we denote 〈X〉 as
the subgroup generated by the elements of X . We denote [x,y] = x−1 y−1 x y. For x1, · · · ,xk ∈ G, we define
[x1, · · · ,xk] = [x1, [x2, · · · ,xk]] where [x2, · · · ,xk] is inductively defined. For nonempty subsets A,B⊂ G, we
define [A,B] as the subgroup generated by the subset {[a,b] |a∈ A,b ∈ B} .
We denote the center of G as Z(G) and denote γi(G) as the i-th term of the lower central series of G.
For a finitely generated nilpotent group N, we denote h(N) as its Hirsch length and T (N) as the subgroup
generated by finite order elements. For natural numbers m, we let Gm = 〈gm |g ∈ G〉 and write pim for the
natural projection pim :G→G/Gm.
2.2. Residual finiteness. Following [1], we define the depth function DG :G\{1}→N∪{∞} of the finitely
generated group G as
DG(g) =min{|Q| |ϕ : G→ Q, |Q|< ∞, and ϕ(g) 6= 1}
with the understanding that DG(g) = ∞ if no such finite group exists.
Definition 2.1. Let G be a finitely generated group. We say that G is residually finite if DG(g)< ∞ for all
g ∈ G\{1}.
For a residually finite, finitely generated groupG with finite generating subset S, we define the associated
complexity function FG,S : N→ N as
FG,S(n) =max{DG(g) |g ∈G\{1} and ‖g‖S ≤ n} .
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For any residually finite, finitely generated group G with finite generating subsets S1 and S2, we have that
FG,S1(n) ≈ FG,S2(n) (see [1, Lemma 1.1]). Henceforth, we will suppress the choice of finite generating
subset.
2.3. Nilpotent groups. For more details of the following discussion, see [5, 8]. We define γ1(G) = G and
inductively define γi(G) = [γi−1(G),G]. We call the subgroup γi(G) the i-th term of the lower central
series of G.
Definition 2.2. Let G be a finitely generated group. We say that G is a nilpotent group if γk(G) = {1}
for some natural number k. We say that G is a nilpotent group of step length c if c is the smallest natural
number such that γc+1(G) = {1}. If the step size is unspecified, we simply say that G is a nilpotent group.
For a subgroup H ≤ N of a nilpotent group, we define the isolator of H in N as
N
√
H = {g ∈ N |∃ k ∈ N such that gk ∈H}.
N
√
H is a subgroup of N for all H ≤ N when N is a torsion free, finitely generated nilpotent group. Addi-
tionally, if H E N, then N
√
H E N. As a natural consequence, N/ N
√
H is torsion free. When the group N is
clear from context, we will simply write
√
H.
The torsion subgroup of a finitely generated nilpotent group N is defined as
T (N) = {g ∈ N |OrdN(g)< ∞} .
It is well known that T (N) is a finite characteristic subgroup of N. Moreover, if N is an infinite, finitely
generated nilpotent group, then N/T (N) is a torsion free, finitely generated nilpotent group.
When given a torsion free, finitely generated nilpotent group, we may refine the series {
√
γi(N)}ci=1 to
obtain a normal series {Hi}h(N)i=1 where Hi/Hi−1 ∼= Z for all i. The number of terms in this series is known
as the Hirsch length of N and is denoted as h(N). In particular, the Hirsch length may be computed as
h(N) =
c
∑
i=1
rankZ(γi(N)/γi+1(N)).
We choose x1 ∈ N such that H1 ∼= 〈x1〉, and for each 2 ≤ i ≤ h(N), we choose xi ∈ Hi such that Hi/Hi−1 ∼=〈
piHi−1(xi)
〉
. Any generating subset chosen in this way will be called aMal’stev basis. Via [6, Lemma 8.3],
we may uniquely represent each element of N with respect to this generating subset as g= ∏
h(N)
i=1 x
αi
i where
αi ∈ Z. The values {αi}h(N)i=1 are referred to as the Mal’stev coordinates of g. Whenever we reference a
Mal’tsev basis, we suppress reference to the series {Hi}h(N)i=1 .
The following proposition and its proof can be originally found in [7, Lemma 3.8]. It relates the Mal’stev
coordinates of an element g to its word length with respect to the generating subset given by the Mal’stev
basis.
Proposition 2.3. Let N be a torsion free, finitely generated nilpotent group of step length c with a Mal’stev
basis {xi}h(N)i=1 . Suppose that g = ∏h(N)i=1 xαii is a nontrivial element where ‖g‖ ≤ n. For each 1 ≤ i ≤ c,
we define Mi =
√
γi(N), and for each 1 ≤ i ≤ h(N), we define ti as the minimal natural number where
piMti (xi) = 1 and piMti+1(xi) 6= 1. Then |αi| ≤Cnti for all i where C > 0 is some constant.
Proof. We proceed by induction on step length, and since the base case of abelian groups is evident, we may
assume that N has step length c> 1. We observe that that the image of the set {xi}h(N)i=h(Mc)+1 in N/Mc is a
Mal’tsev basis for N/Mc and that piMc(Mt) =
√
γt(N/Mc). Therefore, the inductive hypothesis implies that
there exists a constantC1 > 0 such that if h(Mc)+ 1≤ i≤ h(N), then |αi| ≤C1 nti . For each 1 ≤ i≤ h(N),
there exists a minimal natural number ℓi such that x
ℓi
i ∈ γti(N). In particular, we may write αi = siℓi+ ri
where 0≤ ri < ℓi. We let D=max{ℓi |1≤ i≤ h(N)}.
To proceed, we will demonstrate that we may assume that g ∈Mc. We have that
|si ℓi| ≤ |si ℓi+ ri− ri| ≤ |αi|+ |ri| ≤C1 nti +D≤C2 nti
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for h(Mc)+1≤ i≤ h(N) whereC2 > 0 is some constant. Thus, |si| ≤C2 nti for all i. By [4, 3.B2], we have
that ‖xsi ℓii ‖ ≈ |si|1/ti . Therefore, there exists a constantC3,i > 0 such that ‖xsi ℓii ‖ ≤C3,i |si|1/ti . In particular,
we have that
‖xαii ‖= ‖xsi ℓi+rii ‖ ≤ ‖xsi ℓii ‖+ ‖xrii ‖ ≤C3,i|si|ti +D≤ DC1/ti2 C3,i n.
Hence, by settingC4 =max{DC1/ti2 C3,i |h(Hc)+1≤ i≤ h(N)}, we may write ‖xαii ‖ ≤C4 n for h(Mc)+1≤
i≤ h(N). Note that gh−1 ∈Mc and that ‖gh−1‖ ≤ ‖g‖+‖h‖ ≤C5 n for some constantC5 > 0 which gives
our claim.
By passing to the quotient N/Ki where Ki =
〈
x j
〉h(Hc)
j=1, j 6=i, it is straightforward to see that ‖x
αi
i ‖ ≤C5 n for
each i. Using the same arguments as above, [4, 3.B2] implies that |si| ≤C6,i nc for some constant C6,i > 0
for each 1≤ i0 ≤ h(Mc). Thus, we may write
|αi|= |siℓi0 + ri|= |si||ℓi|+ |ri| ≤ D+DC6,i nc ≤ (D+ 1)C6,i nc.
LettingC7 =max
{
C1,C6,1, · · · ,C6,h(Hc)
}
, we have by construction that |αi| ≤C7 nti for all i. 
2.4. Density. For A⊂ P, we define the natural density of A in P as
δ (A) = lim
n→∞
|A∩{1, · · · ,n}|
|P∩{1, · · · ,n}|
when the limit exists. When this limit exists for a set A, we say that A has a natural density.
3. A COUNTEREXAMPLE TO [7, Proposition 4.10] AND [7, Theorem 1.1]
The following example was communicated to us by Khalid Bou-Rabee. LetG be the torsion free, finitely
generated nilpotent group given by
G=
{
x,y,w,z,u,v | [x,y] = [w,z] = 1, [x,w] = [y,z] = u, [x,z] = v, [y,w] = v−1,u and v are central} .
We start by listing some basic facts about G. The set S = {x,y,w,z,u,v} is a Mal’tsev basis for G from
which it follows that h(G) = 6. Additionally, we have that the abelianization of G is given by G/γ2(G) ∼=
{x¯, y¯, w¯, z¯} and that the center is given by Z(G) ∼= 〈u,v〉. Finally, we observe that G has step length 2 and
that γ2(G) = Z(G).
The main tool used in [7] is the following proposition. We first introduce a definition.
Definition 3.1. Let N be a torsion free, finitely generated nilpotent group of step length c with a Mal’tsev
basis {xi}h(N)i=1 . For a vector ~a= (ai)ℓi=1 where ai is a natural number such that 1 ≤ ai ≤ h(N) for all i, we
denote [x~a] = [xa1 , · · · ,xaℓ ]. We call [x~a] a simple commutator of weight ℓ with respect to ~a, and since N
is a nilpotent group, we have that all simple commutators of weight greater than c are trivial. We denote
Wk(N,{xi}) to be the set of nontrivial simple commutators in {xi} of weight k, and let W (N,{xi}) to be the
set of nontrivial commutators.
We may write [x~a] = ∏
h(N)
i=1 x
δ~a,i
i . Let
B(N,{xi}) = lcm
{|δ~a,i |1≤ i≤ h(N),δ~a,i 6= 0, and [x~a] ∈W (N,{xi})
}
.
See [7, Proposition 4.10] for where the following proposition is originally found.
Proposition 3.2. Let N be a torsion free, finitely generated nilpotent group with a Mal’tsev basis {xi}h(N)i=1 .
Let ϕ : N → Q be a surjective group morphism to a finite p-group where p > B(N,{xi}). Suppose that
ϕ([x~a]) 6= 1 for all [x~a] ∈W (N,{xi})∩Z(N). Also, suppose that ϕ(xi) 6= 1 for xi ∈ Z(N) and ϕ(xi) 6= ϕ(x j)
for all xi,x j ∈ Z(N) where i 6= j. Then ϕ(xt) 6= 1 for 1≤ t ≤ h(N) and ϕ(xi) 6= ϕ(x j) for 1≤ i< j ≤ h(N).
Finally, |Q| ≥ ph(N).
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We note that W (G,S)∩Z(G) = {u,v,u−1} and that B(G,S) = 1. The following proposition produces
a positive natural density subset of prime numbers p where there exists a finite p-quotient Qp of G such
that the hypotheses of Proposition 3.2 are satisfied and where |Qp| = p4. Since Proposition 3.2 predicts
|Qp|= p5, we have an infinite collection of counterexamples for Proposition 3.2.
Before starting, we introduce some notation. Let E = {p ∈ P |4 divides p− 1}. For p ∈ E , we let{
ap,bp
}
be the two distinct solutions to the equation T 2+ 1 ≡ 0 mod p. Finally, we let Ap and Bp be the
normal closures of the subgroups 〈xap y〉 and 〈xbp y〉 in G, respectively.
Proposition 3.3. If p ∈ E, then pip(Ap) ∩ Z(G/Gp) ∼= Z/pZ and pip(Bp) ∩ Z(G/Gpk) ∼= Z/pZ. Also,
|G/Gp ·Ap| = |G/Gp ·Bp| = p4 and Z(G/Gp ·Ap) ∼= Z(G/Gp ·Bp) ∼= Z/pZ. Additionally, we have that
pip(Ap)∩pip(Bp)∼= {1} and
〈
pip(Ap),pip(Bp)
〉∼= Z(G/Gp). Finally, we have that piGp·Ap(u),piGp·Ap(v) 6= 1,
piGp·Bp(u),piGp·Bp(v) 6= 1, piGp·Ap(u) 6= piGp·Ap(v), and that piGp·Bp(u) 6= piGp·Bp(v).
Proof. For the first statement, it is sufficient to prove that |G/Gp ·Ap| = p4 and that Z(G/Gp)∩pi(Ap) ∼=
Z/pZ. By direct calculation, we have that Ap ∼=
〈
xap y,uap v−1,u vap
〉
. Thus, Ap∩Z(G)∼=
〈
uap v−1,u vap
〉
.
Hence, (uap v−1)−ap = u−(ap)2 vap = u vap mod Gp. Thus, pipk(Ap)∩Z(G/Gp) ∼=
〈
pip(u v
ap)
〉 ∼= Z/pZ. We
note that each element G/Gp ·Ap can be written uniquely as piGp·Ap(xαx wαw zαz vαv) for natural numbers
satisfying 0 ≤ αx,αw,αz,αv < p; thus, the second paragraph after [6, Definition 8.2] implies that |G/Gp ·
Ap|= p4. Moreover, we have that γ2(G/Gp ·Ap)∼= Z(G/Gp ·Ap). Hence, Z(G/Gp ·Ap)∼= Z/pZ.
For the next statement, we note that pip(Ap)∼= 〈u vap〉 and that pip(Bp)∼=
〈
u vbp
〉
. Since ap 6≡ bp mod p,
we have that u vap 6= u vbp mod Gp. Suppose for a contradiction that there exists a natural number ℓ such
that (uvap)ℓ = uvbp mod Gp. Since (uvap)ℓ = uℓ vℓ ap , we must have that ℓ≡ 1 mod p and ℓap≡ bp mod p.
Since ℓ ap ≡ ap mod p, we have that ap ≡ bp mod p which is a contradiction. In particular, pip(Ap)∩
pip(Bp) = {1}; hence,
〈
pip(Ap),pip(Bp)
〉∼=Z/pZ×Z/pZ. Since Z(G/Gp)∼=Z/pZ×Z/pZ, it follows that〈
pip(Ap),pip(Bp)
〉∼= Z(G/Gp).
The remaining two statements are evident. 
[7, Theorem 1.1] predicts that FG(n) ≈ (log(n))5, and the following proposition provides a counterex-
ample.
Proposition 3.4. FG(n)- (log(n))
4 .
Proof. Let g ∈G be a nontrivial element such that ‖g‖ ≤ n. We may write g as g= xαx yαy wαw zαw uαu vαv .
Proposition 2.3 implies that |αx|, |αy|, |αw|, |αz| ≤C1 n and that |αu|, |αv| ≤C1 n2 for some constantC1 > 0.
Suppose that piγ2(G)(g) 6= 1. [1, Corollary 2.3] implies that there exists a surjective group morphism
ϕ : G/γ2(G)→ P to a finite group where |P| ≤C1C2 log(C1C2 n) such that ϕ(piγ2(G)(g)) 6= 1. Therefore,
DG(g)≤C1C2 log(C1C2 n).
Now suppose that piγ2(G)(g)= 1. That implies that wemay write g= u
αu vαv . LetE , Ap, and Bp be defined
as above. Without loss of generality, we may assume that αu 6= 0. Since Chebotarev’s Density Theorem
implies that δ (E)> 0, the Prime Number Theorem [9, 1.2] implies that there exists a prime number p ∈ E
such that p ∤ αu and where p≤C3 log(C3 |αu|) for some constantC3 > 0. Therefore, there exists a constant
C4 > 0 such that p≤C4 log(C4 n). Thus, pip(g) 6= 1. Proposition 3.3 implies that pi(Ap)∩Z(G/Gp)∼=Z/pZ
and that pi(Np)∩Z(G/Gp)∼=Z/pZ. Since Z(G/Gp)∼=Z/pZ×Z/pZ, we may assume that pip(g) /∈ pi(Ap).
Thus, piGp·Ap(g) 6= 1, and Proposition 3.3 implies that |G/Gp ·Ap|= p4. Hence, there exists a constantC5> 0
such that DG(g)≤C5 (log(C5 n))4 . Hence, FG(n)- (log(n))4 . 
4. RESIDUAL DIMENSION
The purpose of this section is to define the constants dimRFL(N), dimRFU(N), and dimARF(N) for a
torsion free, finitely generated nilpotent group N. We start by giving a lower bound for the order of a finite
p-group in terms of the prime p and its step length.
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Lemma 4.1. If Q is an abelian finite p-group, then |Q| ≥ p. If Q has step length c> 1, then |Q| ≥ pc+1.
Proof. Since the first statement is clear, we may assume that Q has step length c> 1. We prove the second
statement by induction on step length. For the base case, we assume that Q has step length 2. There
exist elements x,y ∈ Q such that [x,y] 6= 1. Since Q has step length 2, we have that [x,y] ∈ [Q,Q] ≤ Z(Q).
Consider the group H = 〈x,y, [x,y]〉. Since each element in H can be written uniquely as xt ys [x,y]ℓ for
integers satisfying 0≤ t <OrdQ(x), 0≤ s<OrdQ(y), and 0≤ ℓ <OrdQ([x,y]), we observe that the second
paragraph after [6, Definition 8.2] implies that |H|=OrdQ(x) ·OrdQ(y) ·OrdQ([x,y])≥ p3. Since |H| divides
|Q|, we have that |Q| ≥ p3.
Now suppose that Q has step length c> 2. By induction, |Q/γc(Q)| ≥ pc, and since γc(Q) is abelian, we
have that |γc(Q)| ≥ p. In particular, |Q|= |Q/γc(Q)||Q| ≥ pc+1. 
We say that an infinite order element g of a torsion free finitely generated group N is primitive if
whenever there exists an element h ∈ N and a non-zero integer m such that hm = g, then either g = h or
g= h−1. In particular, if N is a torsion free, finitely generated abelian group with a primitive element z, there
exists a generating basis {xi}h(G)i=1 for N as a Z-module such that x1 = z. The following lemma implies for
any prime number p that we may separate a primitive central element x in a torsion free, finitely generated
nilpotent group N from the identity with a surjective group morphism to a finite p-group.
Lemma 4.2. Let N be a torsion free, finitely generated nilpotent group, and let z ∈ Z(N) be a primitive
element. Let p be a prime number. There exists a surjective group morphism ϕ : N→ Q to a finite p-group
Q such that ϕ(z) 6= 1 and where |Q| ≤ ph(N).
Proof. Let {xi}h(N)i=1 be a Mal’tsev basis for N. We may write z = ∏h(N)i=1 xαii , and since z is a primitive
element, there exists an index i0 such that αi0 6≡ 0 mod p. Since pip(Z(N)) ∼= ∏h(Z(N))i=1 Z/pZ, we have that
each element of piZ(N/N
p) may be written uniquely as pip(∏
h(Z(N))
i=1 x
βi
i ) where 0 ≤ βi < p. Thus, we have
that pip(z) 6= 1. One last observation is that |N/N p|= ph(N) as desired. 
The above lemma implies that we are able to find a surjective groupmorphism from N to a finite p-group
of minimal order where the image of z is not trivial. Thus, we have the following definition.
Definition 4.3. Let N be a torsion free, finitely generated nilpotent group with a prime number p iwth a
primitve element z ∈ Z(N) be a primitive element. Let p be a primie. Proposition 4.2 implies that there
exists a surjective group morphism ϕ : N→ P to a finite p-group such that ϕ(z) 6= 1 and |P|= pk where
k = min{m | ∃ϕ : N→Q that satisfies Proposition 4.2 for z and where |Q|= pm} .
We refer to ϕ : N→ P as a p-witness of z.
The next few statements establish some properties of p-witnesses.
Lemma 4.4. Let N be a torsion free, finitely generated nilpotent group with a primitive element g∈
√
γc(N).
If ϕ : N → Q is a p-witness of N of g where p is some prime, then 〈ϕ(g)〉 ∼= Z/pZ. In particular, Z(Q) is
cyclic.
Proof. Suppose for a contradiction that Z(Q) is not cyclic. There exists a generating subset {xi}ki=1 for
Z(Q) such that every element h ∈ Z(Q) may be written h = ∏ki=1 xtii where 0 ≤ ti < pαii for some αi ≥ 1.
There exist natural numbers {si}ki=1 such that ϕ(g) = ∑ki=1 xsii and where s j 6= 0 for some j. Since P =
〈xi | i 6= j,1 ≤ i≤ k〉 is a normal subgroup, we have that piP ◦ϕ : N → Q/P satisfies piP ◦ϕ(g) 6= 1 which
contradicts the definition of a p-witness.
Thus, if ϕ : N → Q is a p-witness of g, then Z(Q) is cyclic, and since ϕ(g) 6= 1, we have that 〈ϕ(g)〉 ∼=
Z/ptZ for some t. If t > 1, then by letting P = 〈ϕ(g)p〉, we have that ϕ(g) /∈ P. Thus, we have that
piP ◦ϕ(g) 6= 1 and |Q/P|< |Q| which contradicts the fact that Q is a p-witness of g. 
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The following proposition relates the existence of p-witness for an arbitrary primitive element with the
p-witnesses of elements of a generating basis for
√
γc(N). For notational simplicity, we let H =
√
γc(N)
and h= h(
√
γc(N))
Proposition 4.5. Let N be a torsion free, finitely generated nilpotent group, and let {xi}hi=1 be a generating
basis for H. Let g= ∏hi=1 x
αi
i be a primitve element, and let p be prime. For each 1≤ i≤ h, let ϕi : N→Qi
be a p-witness of xi, and let ψ : N→ P be a p-witness for g. Then for each j such that p ∤ α j, we have that
ϕ j(g) 6= 1. In particular, we have that
min{|Qi| |1≤ i≤ h} ≤ |P| ≤ max{|Qi| |1≤ i≤ h}
Proof. For a contradiction, assume that ϕ j(g) = 1 for j where p j ∤ α j . Since ϕ j(H) is cyclic, there exists a
generating basis {as}hℓ=1 for H such that ϕ j(a1)p
s−1
= ϕ j(x j) and where ϕ j(aℓ) = 1 for ℓ > 1. In particular,
we may write g= at1 p
s
1 ∏
h
ℓ=2a
tℓ
ℓ for some integers {tℓ}hℓ=1. Hence, we have that
at1 p
s ≡ ap
s−1α j
1 mod 〈a2, · · · ,ah〉 .
Since a¯1 has infinite order, we have that t1 p
s = ps−1 α j. That implies p | α j which is a contradiction. In
particular, we have that inequality
|P| ≤min{|Qi| |1≤ i≤ h s. t. p ∤ αi}.
For other side of the inequality, we claim that there exists an i0 such that OrdP(ψ(xi0)) ∤ αi0 , and for a
contradiction, suppose otherwise. Letting αi = OrdP(ψ(xi))mi when OrdP(ψ(xi)) | αi, we may write
ψ(g) =
h
∏
i=1
ψ(xi)
αi = ∏
i/∈I
ψ(xi)
αi = ∏
i/∈I
ψ(xi)
OrdP(ψ(xi))mi = 1
which is a contradiction. In particular, we have that
|P| ≥min{|Qi| |1≤ i≤ h s. t. OrdP(ψ(xi)) ∤ αi}.
Thus, we are done. 
4.1. Lower residual dimension.
Definition 4.6. For each 1≤ i≤ h(N), we define
RPN,z,i
def
= {p ∈ P | pi is the order of a p-witness of z}.
We call RPN,z,i the set of residual prime numbers of N with respect to z of dimension i.
Suppose that N is a torsion free, finitely generated nilpotent group of step length c with a primitive
element z ∈
√
γc(N). We now introduce a natural number that measures the lower asymptotic complexity
of separating z from the identity with surjective group morphisms to finite p-groups as we vary over all
prime numbers p.
Definition 4.7. Let N be a torsion free, finitely generated nilpotent group of step length c with a primitive
element z ∈√γc(N). There exists a minimal natural number 1 ≤ t0 ≤ h(N) such that |RPN,z,t0 | = ∞. We
call the natural number t0 the lower residual dimension of z in N and denote it as dimRFL(N,z). We call
LRN,z = RPN,z,t0 the set of prime numbers that realize the lower residual dimension of z.
By maximizing over primitive elements in
√
γc(N), we obtain a natural invariant associated to any
torsion free, finitely generated nilpotent group which gives the degree of polynomial in logarithm growth
for a lower bound of residual finiteness.
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Definition 4.8. Let N be a torsion free, finitely generated nilpotent group of step length c. Let
dimRFL(N)
def
= max{dimRFL(N,z)| z ∈
√
γc(N) is primitve}.
We call dimRFL(N) the lower residual dimension of N. For an infinite, finitely generated nilpotent group
N, we denote dimRFL(N)
def
= dimRFL(N/T (N)).
We finish this subsection byg iving a lower bound for dimRFL(N) in terms of the step length of N when
N is a torsion free, finitely generated nilpotent group.
Proposition 4.9. Let N be a torsion free, finitely generated nilpotent group of step length c > 1. Then
dimRFL(N) ≥ c+ 1.
Proof. Let z ∈
√
γc(N) be a primitive element. Thus, there exists some natural number k such that z
k ∈
γc(N). Let ϕ : N → Q be a p-witness z where p is a prime number does not divide k. Since p ∤ k, we have
that gcd(k, p) = 1. In particular,
〈
ϕ(zk)
〉
= 〈ϕ(z)〉. Since ϕ(zk) 6= 1 and zk ∈ γc(N), we have that Q has the
same step length as N, and thus, Lemma 4.1 implies that |Q| ≥ c+ 1.
Let A be the set of prime numbers that divide k, and let B = ∪h(N)i=c+1RPN,z,i. We note that if p ∈ P\A,
then the above claim implies that p ∈ B. Since A is finite, we must have that B is infinite and that RPN,z,t
is finite for 1 ≤ t ≤ c. Thus, there exists a minimal index i0 such that i0 ≥ c+ 1 and where RPN,z,i0 is
infinite. That implies dimRFL(N,z) ≥ c+ 1. By definition, dimRFL(N) ≥ dimRFL(N,z) ≥ c+ 1. Hence,
dimRFL(N) ≥ c+ 1. 
4.2. Upper residual dimension. This subsection gives conditions on when the upper asymptotic bound
for FN(n) can be improved to be better than that of [7, Theorem 1.1].
Definition 4.10. Let N be a torsion free, finitely generated nilpotent group of step length c, and suppose
that x ∈
√
γc(N) is a primitive element. Suppose for each 1 ≤ i ≤ h(N) that the set RPN,x,i has a natural
density. We then say that N has tame residual dimension at x. We define the upper residual dimension of N
at x to be the minimal index i0, denoted dimRFL(N,x), such that δ (RPN,x,i0)> 0. We write URN,x =RPN,x,t0
and call URN,x the set of prime numbers that realize the upper residual dimension of N at x.
Now suppose that N has tame residual dimension at all primitive elements x ∈
√
γc(N). We denote the
upper residual dimension of N as
dimRFU(N)
def
= max{dimRFU(N,x) | x ∈
√
γc(N) such that x is primitive}.
When N is an infinite, finitely generated nilpotent such that N/T (N) has tame residual dimension at ev-
ery primitive element x ∈
√
γc(N/T (N)) where c is the step length of N/T (N), we denote dimRFU(N)
def
=
dimRFU(N/T (N)).
The following lemma forms the basis for the definition of tame residual dimension.
Lemma 4.11. Let A be a torsion free, finitely generated abelian group, and let x be a primitive element.
Then RPA,x,1 = P.
Proof. Let p be prime number. Since x is primitive, there exists a generating basis {zi}h(A)i=1 for A such that
z1 = x. Letting B= 〈zi〉h(A)i=2 , we note that A/B∼= Z and that piB(x) 6= 1. By taking the natural map ϕ : Z→
Z/pZ given by reduction modulo p, one can see that ϕ ◦piB(x) 6= 1. Thus, p ∈ RPA,x,1 as desired. 
Definition 4.12. Suppose that N is a torsion free, finitely generated nilpotent group of step length c. If N
is abelian, we have by Lemma 4.11 that N has tame residual dimension at all primitive elements. Thus, we
say that all torsion free, finitely generated abelian groups have tame residual dimension. Now suppose that
N has step length c> 1. If N/
√
γc(N) has tame residual dimension and N has tame residual dimension at
all primitive elements x ∈
√
γc(N), then we say that N has tame residul dimension.
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If N is an infinite, finitely generated nilpotent group such that N/T (N) has tame residual dimension, we
say that N has tame residual dimension.
We now relate the upper residual dimension of a torsion free, finitely generated nilpotent group to torsion
free quotients of lower step length.
Proposition 4.13. Let N be a torsion free, finitely generated nilpotent group of step length c, and suppose
that N has tame residual dimension. If N is abelian, then dimRFU(N) = 1. Otherwise, letting M =
√
γc(N),
we then have that dimRFU(N/M) ≤ dimRFU(N).
Proof. Since the first statement is clear, we may assume that N has step length c> 1. Let a∈
√
γc−1(N/M)
be a primitive element. There exists a primitive element b ∈
√
γc−1(N) such that piM(b) = a. Since
b ∈
√
γc−1(N), there exists a natural number s such that bs ∈ γc−1(N). Thus, there exists an element
g ∈ N such that [bs,g] is a nontrivial element of γc(N). Hence, there exists some primitive element
x ∈ M and a natural number k such that xk = [bs,g]. Let p ∈ URN,x be a prime number that does not
divide k, and let ψ : N → Q be a p-witness of x. Since OrdQ(ψ(x)) ∤ k, we have that ψ(xk) 6= 1. In
particular, we have thatψ([bs,g]) 6= 1, and therefore, ψ(b) /∈ γc(Q). Thus, we have an induced homo-
morphism ψ¯ : N/M → Q/γc(Q) such that ψ¯(piM(b)) 6= 1. Therefore, it follows thatψ¯(a) 6= 1, and thus,
by definition, if ϕ : N/M → K is a finite p-witness for a, we have that |K| ≤ |Q| = pdimRFU(N,x). Let-
ting Ai = RPN/M,a,i∩URN,x for 1 ≤ i ≤ dimRFU(N,x), we see that the previous inequality implies that
URN,x =⊔dimRFU(N,x)i=1 Ai. If δ (RPN/M,a,i) = 0 for each i, then we would have that δ (Ai) = 0. In particular, we
would have that δ (URN,x) =∑
dimRFU(N,x)
i=1 δ (Ai) = 0 which is a contradiction. Thus, there exists an index 1≤
i0 ≤ dimRFU(N/M,a) such that δ (RPN/M,a,i0)> 0. Thus, dimRFU(N/M,a)≤ dimRFU(N,x) ≤ dimRFU(N).
This inequality holds for all primitive elements of
√
γc−1(N/M); hence, we have that dimRFU(N/M) ≤
dimRFU(N). 
We finish by giving an explicit inequality that relates the values dimRFU(N) and dimRFL(N).
Proposition 4.14. Suppose that N is a torsion free, finitely generated nilpotent group that has tame residual
dimension. Then dimRFL(N)≤ dimRFU(N).
Proof. Let x be a primitive nontrivial element of
√
γc(N). Since δ (URN,x)> 0, we have that |URN,x |= ∞.
Thus, dimRFL(N,x)≤ dimRFU(N,x). Hence, we have that dimRFL(N,x)≤ dimRFU(N). Since this inequality
holds for all primitive elements of
√
γc(N), we have that dimRFL(N) ≤ dimRFU(N). 
4.3. Accessible residual dimension. For a torsion free, finitely generated nilpotent group N that has tame
residual dimension, one may be interested in when dimRFL(N) = dimRFU(N). In this case, we would be able
to obtain a precise asymptotic characterization of the growth of residual finiteness of a finitely generated
nilpotent group. Therefore, we introduce the following definition and proposition.
Definition 4.15. Let N be a torsion free, finitely generated nilpotent group of step length c that has tame
residual dimension. Let x ∈
√
γc(N) be a primitive element such that dimRFL(N,x)> 1. We say that N has
low dimensional vanishing at x if |RPN,x,i | < ∞ for 1 ≤ i < dimRFU(N,x). If dimRFU(N,x) = 1, we will
always say that N has low dimensional vanishing at x.
Suppose that N has step length c= 1. Since Lemma 4.11 implies that all torsion free, finitely generated
abelian groups have low dimensional vanishing for all primitive elements x, we will say that N has acces-
sible residual dimension. Now suppose that N has step length c> 1. If N/
√
γc(N) has accessible residual
dimension and N has low dimension residual vanishing at all primitive elements x ∈
√
γc(N), we say that
N has accessible residual dimension.
If N is an infinite, finitely generated nilpotent group such that N/T (N) has accessible residual dimension,
we say that N has accessible residual dimension.
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We are able to associate a natural number to any infinite, finitely generated nilpotent group with accessi-
ble residual dimension that captures the polynomial in logarithm degree of growth for residual finiteness.
Definition 4.16. Let N be a torsion free, finitely generated nilpotent group that has accessible residual
dimension. It is straightfoward to see that dimRFL(N) = dimRFU(N). We denote their common value as
dimARF(N) and call this value the accessible residual dimension of N. When N is an infinite, finitely
generated nilpotent group with accessible residual dimension, we set dimARF(N)
def
= dimARF(N/T (N)).
4.4. Residual finiteness of nilpotent groups with torsion. Before proceed to the upper and lower bounds
for residual finiteness of finitely generated nilpotent groups, we have the following proposition. This propo-
sition and its proof are originally found in [7, Proposition 4.4]. It relates the effective residual finiteness of
an infinite, finitely generated nilpotent group to its torsion free quotient.
Proposition 4.17. Let N be an infinite, finitely generated nilpotent group. Then FN(n)≈ FN/T (N)(n).
Proof. We proceed by induction on |T (N)|, and note that the base case is clear. Hence, we may assume
that |T (N)| > 1. We have that the group morphism piZ(T(N)) : N → N/Z(T (N)) is surjective with kernel
given by Z(T (N)) which is a finite central subgroup. Since finitely generated nilpotent groups are linear,
[2, Lemma 2.4] implies that FN(n) ≈ FN/Z(T (N))(n). Since (N/Z(T (N)))/T (N/Z(T (N))) ∼= N/T (N), the
induction hypothesis implies that FN(n)≈ FN/T (N)(n). 
With the above proposition, we may prove the following theorem.
Theorem 1.1. Let N be an infinite, finitely generated nilpotent group such that N/T (N) is abelian. Then
FN(n)≈ log(n).
Proof. Proposition 4.17 implies that FN(n) ≈ FN/T (N)(n). We also have that [1, Corollary 2.3] implies
FN/T (N)(n)≈ log(n). Therefore, FN/T (N)(n)≈ log(n). 
5. LOWER BOUNDS FOR RESIDUAL FINITENESS OF FINITELY GENERATED NILPOTENT GROUPS
We restate Theorem 1.2 for the convenince fo the reader.
Theorem 1.2. Let N be an infinite, finitely generated nilpotent group such that N/T (N) has step length
c> 1. There exists a natural number dimRFL(N) such that dimRFL(N) ≥ c+ 1 and where
(log(n))dimRFL(N) - FN(n).
Proof. We start by assuming that N is torsion free which implies that N has step length c > 1. Let
x ∈
√
γc(N) be an element N such that dimRFL(N,x) = dimRFL(N), and let k be the minimal natural
number satisfying xk ∈ γc(N). We may choose a finite generating subset {xi}ti=1 for N such that x1 = x.
Proposition 4.9 implies that dimRFL(N,x) ≥ c+ 1, and the definition of dimRFL(N,x) implies that the set
A =
⋃dimRFL(N,x)−1
i=1 RPN,x,i is finite. Thus, we may write A = {q1 < q2 < · · ·< qℓ} where qi are prime
numbers for all i. Let
{
p j
}∞
j=1
be an enumeration of the set {p ∈ LRN,x | p>max{qℓ,k}}, and let m j =
(
lcm
{
1, · · · , p j− 1
})dimRFL(N)+1 . We claim that {xkm j}∞j=1 is the desired sequence. In particular, we must
show that DN(x
km j )≈ (log(‖xkm j‖))dimRFL(N) for all j.
We see [4, 3.B2] implies that ‖xkm j‖ ≈ m1/cj , and additionally, the Prime Number Theorem [9, 1.2]
implies that log(m j)≈ p j. Subsequently, log(‖xkm j‖)≈ p j, and thus,
(
log(‖xkm j‖))dimRFL(N) ≈ pdimRFL(N)j .
That implies we have two tasks. We first need to demonstrate that there exists a surjective group morphism
f : N → P to a finite group P such that |P| = pdimRFL(N)j and where f (xkm j ) 6= 1. Secondly, we need to
demonstrate that if given a surjective group morphism ϕ : N→ Q to a finite group where |Q|< pdimRFL(N)j ,
then ϕ(xkm j ) = 1.
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Let ψ j : N→ Pj be a p j-witness of x. By definition, ψ j(x) 6= 1, |Pj|= pdimRFL(N)j , and OrdP(ψ j(x)) = p j.
Since ptj ∤ km j, we have that ψ(x
km j ) 6= 1 as desired.
Now suppose that ϕ : N → Q is a surjective group morphism to a finite group where |Q| < pdimRF(N)j .
Since ϕ(x) = 1 implies that ϕ(xkm j ) = 1, we may assume ϕ(x) 6= 1. [5, Theorem 2.7] implies we may
assume that |Q| = qλ where q is some prime number. For notational simplicity, we let sq be the natural
number such that a q-witness of x has order qsq .
If qλ < p j, then by construction, we know that |Q| | m j, and since the order of an element divides the
order of the group, we have that OrdQ(ϕ(x)) | m j. Therefore, ϕ(xkm j ) = 1.
If q< p j and p j < q
λ < p
dimRFL(N)
j , then there exists a natural number ν such that q
ν < p j < q
ν+1. Thus,
we have that
qν dimRFL(N) < p
dimRF(N)
j < q
(ν+1) dimRFL(N).
Subsequently, we may write λ = ν ℓ+ r where ℓ ≤ dimRFL(N) and 0 ≤ r < ν . By assumption, qν < p j.
Therefore, we must have that qν | lcm{1, · · · , p j− 1
}
and thus,
(qν)ℓ | (lcm{1, · · · , pi j − 1
})dimRFL(N) .
Hence, qλ | m j. Since the order of ϕ(x) divides |Q|, we have that ϕ(xkm j ) = 1.
Now suppose that q > p j and that sq ≥ dimRFL(N). Since ϕ(x) 6= 1, we have that λ ≥ sq. In particular,
we have that
|Q|= qλ ≥ qsq ≥ qdimRFL(N) ≥ pdimRFL(N)j .
Hence, we may disregard this case.
For the final case, we may assume that q > p j and sq < dimRFL(N). By definition, q ∈ A; however, by
the choice of prime numbers p j we have that p j > q, which is a contradiction. Therefore, this case is not
possible, and we may ignore it.
Therefore, DN(x
km j )≈ (log(‖xkm j‖))dimRFL(N), and thus, (log(n))dimRFL(N)- FN(n).Additionally, Propo-
sition 4.9 implies that dimRFL(N)≥ c+ 1.
When N is an infinite, finitely generated nilpotent group where |T (N)| > 1, we have by the above ar-
guments that (log(n))dimRFL(N/T (N)) - FN/T (N)(n). We also have that dimRFL(N/T (N)) ≥ c+ 1 where c
is the step length of N/T (N). Proposition 4.17 implies that FN(n) ≈ FN/T (N)(n); moreover, we have that
dimRFL(N) = dimRFL(N/T (N)). Therefore, dimRFL(N)≥ c+ 1 and (log(n))dimRFL(N) - FN(n). 
6. UPPER BOUNDS FOR RESIDUAL FINITENESS FOR FINITELY GENERATED NILPOTENT GROUPS
The main goal of this section is to prove the following theorem.
Theorem 1.3. Let N be an infinite, finitely generated nilpotent group.Then
FN(n)- (log(n))
ψRF(N) .
Now suppose that N has tame residual dimension. Then there exists a natural number dimRFU(N) satisfying
dimRFU(N)≤ ψRF(N) such that
FN(n)- (log(n))
dimRFU(N) .
If dimRFU(N)≤ ψRF(N), then FN(n) grows strictly slower than what is predicted by [7, Theorem 1.1].
In order to make sense of this statement, we need to define the constant ψRF(N) found in [7, Theorem
1.1]. We start with the following proposition which is originally found in [7, Proposition 3.1].
Proposition 6.1. Let N be a torsion free, finitely generated nilpotent group, and suppose that z is a primitive
central element. There exists a normal subgroup H E N such that N/H is a torsion free, finitely generated
nilpotent group where 〈piH(z)〉 ∼= Z(N/H).
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Proof. We proceed by induction on Hirsch length to produce a normal subgroupH EN such that 〈piH(z)〉 ∼=
Z(N/H) and where N/H is a torsion free, finitely generated nilpotent group. Since the statement is evident
for when N ∼= Z, we may suppose that h(N) > 1. If h(Z(N)) = 1, then as in the base case, the statement is
evident. Therefore, we may assume that h(Z(N))> 1.
There exists a generating basis {xi}h(Z(N))i=1 for Z(N) such that x1 = z. If we consider the subgroup
given by M = 〈xi | i≤ 2≤ h(Z(N))〉, induction implies that there exists a normal subgroup H/M E N/M
such that (N/M)/(H/M) is a torsion free, finitely generated nilpotent group such that
〈
piH/M(piM(z))
〉 ∼=
Z((N/H)/(H/M)). The third isomorphism theorem implies that (N/M)/(H/M)∼=N/H, and subsequently,
Z(N/H)∼= Z((N/M)/(H/M)). Therefore, it is evident that H E N is our desired normal subgroup. 
With the above proposition, we introduce the following definition.
Definition 6.2. Let N be a torsion free, finitely generated nilpotent group of step length c with a primitive
element x ∈
√
γc(N). Proposition 6.1 implies that the value
dimR(N,x)
def
= min{h(N/H) |H satisfies Proposition 6.1 for x}
is bounded above by h(N). We refer to the value dimR(N,x) as the real residual dimension of N with
respect to x. Letting J be the collection of primitive elements x ∈
√
γc(N) such that there exists a natural
number k and elements a ∈ γc−1(N) and b ∈ N such that [a,b] = xk, there exists a primitive element z ∈√
γc(N) such that
dimR(N,z)
def
= max{dimR(N,x) | x ∈J }
We refer to dimR(N,z) as the real residual dimension of N and denote it as ψRF(N). When N is an infinite,
finitely generated nilpotent group, we denote ψRF(N)
def
= ψRF(N/T (N)).
If N satisfies h(Z(N)) = 1, then one can see that the definition of ψRF(N) implies that ψRF(N) = h(N).
With the above in mind, we now compare the values dimRFL(N) and ψRF(N) for torsion free, finitely
generated nilpotent groups.
Proposition 6.3. Let N be a torsion free, finitely generated nilpotent group that has tame residual dimen-
sion. Then dimRFU(N)≤ ψRF(N).
Proof. If h(Z(N)) = 1, we have that ψRF(N) = h(N). Thus, it follows that dimRFL(N) ≤ ψRF(N). Hence,
we may assume that h(Z(N)) > 1. Let x ∈
√
γc(N) be a primitive element. Proposition 6.1 implies there
exists a normal subgroup H E N such that h(N/H) = dimR(N,x). Letting p be a prime number, we have
that piNp·H(x) 6= 1 and that |N/N p ·H| = pdimR(N,x). By definition, we have that there exists a p-witness
ψ :N→Q for x and where |Q| ≤ dimR(N,x). Since h(Z(N))> 1, we have that RPN,x,i = /0 for dimR(N,x)<
i ≤ h(N). Thus, there exists an index i0 where 1 ≤ i0 ≤ ψRF(N) such that URN,x = RPN,x,i0 . Therefore,
dimRFL(N,x) ≤ ψRF(N). Since this is true independent of primitive elements in
√
γc(N), we have that
dimRFL(N) ≤ ψRF(N). 
We have the following technical proposition.
Proposition 6.4. Let N be a torsion free, finitely generated nilpotent group. If N is abelian, then ψRF(N) =
1. If N has step size c> 1, then ψRF(N/
√
γc(N))≤ ψRF(N).
Proof. Let M =
√
γc(N). Let g be a primitive element in
√
γc−1(N/M). There exists a primitive element
x ∈
√
γc−1(N) such that piM(x) = g. Subsequently, there exists a natural number m such that xm ∈ γc−1(N).
Thus, there exists an element y ∈ N such that [xm,y] is a nontrivial element in γc(M). Hence, there ex-
ists a primitive element z ∈
√
γc(N) and a natural number k such that z
k = [xm,y]. Let H E N satisfy
Proposition 6.1 for z such that dimR(N,z) = h(N/H). By definition, we have that piH(z) 6= 1, and thus, it
follows that piH(x
m) 6= 1. Since piH(xm) /∈ Z(N/H) and piH(M) ≤ Z(N/H), we have that piH(xm) /∈ piH(M).
In particular, we have that piH(x) /∈ piH(M). Let K/M E N/M satisfy Proposition 6.1 for piM(x) where
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dimR(N/M,piM(x)) = h((N/M)/(K/M)). By direct calculation, we have that H ≤ K; thus, we have that
h(N/H) ≥ h((N/M)/(K/M)). Since piM(x) = g, we may write dimR(N/M,g) ≤ dimR(N,z) ≤ dimR(N).
Since g is an arbitrary primitive element of
√
γc−1(N/M), we have by definition that dimR(N/M) ≤
dimR(N). 
We now proceed to the proof of Theorem 1.3.
Proof. Let us first assume that N is a torsion free, finitely generated nilpotent group of step length c. We
proceed with the proof of the first statement.
Let S= {xi}h(N)i=1 be aMal’stev basis, and for simplicity, letM=
√
γc(N). Let g=∏
h(N)
i=1 x
αi
i be a nontrivial
element of word length at most n. We proceed by induction on step length, and observe that the base case
follows from [1, Corollary 2.3]. Thus, we may assume that N has step length c> 1.
If piM(g) 6= 1, then induction implies that there exists a surjective group morphism to a finite group
ϕ : N/M → Q1 such that ϕ(g¯) 6= 1 and where |Q1| ≤C1 (log(C1 n))dimRFU(N/M) for some constant C1 > 0.
Proposition 4.13 implies that dimRFL(N/M)≤ dimRFU(N). Since ϕ ◦piM : N→Q1 satisfies ϕ ◦piM(g) 6= 1,
we have that DN(g)≤C1 (log(C1 n))dimRFU(N) .
Now suppose that piM(g) = 1. That implies that we may write g= ∏
h(M)
i=1 x
αi
i , and since ‖g‖ ≤ n, Lemma
2.3 implies that there exists a constantC2 > 0 such that |αi| ≤C2 nc for all i. There exists a primitive element
z = ∏
h(M)
i=1 x
βi
i and a nonzero integer m so that z
m = g. Let H E N satisfy Proposition 6.1 for z in N such
that dimR(N,z) = h(N/H). Since
{
x1, · · · ,xh(M)
}
are central elements, we have for all i that βim = αi. In
particular, we have that |m| ≤C2 nc. By the Prime Number Theorem, there exists a constant C3 > 0 such
that p ≤ C3 log(C3 n) and where p ∤ m. By construction, piH·Np(g) = piH·Np(zm) 6= 1. Thus, there exists a
constantC4 > 0 such that
DN(g)≤ |N/H ·N p|= pdimR(N,x) ≤ pψRF(N) ≤C4 (log(C4 n))ψRF(N) .
Since all possibilities have been covered, we have that FN(n) - (log(n))
ψRF(N) when N is an arbitrary,
torsion free, finitely generated nilpotent group.
We now assume that N is a torsion free, finitely generated nilpotent group with tame residual dimen-
sion. As before, we may proceed by induction on step length, and observe that the base case follows
from [1, Corollary 2.3]. Thus, we may assume that c > 1. If piM(g) 6= 1, then by the inductive hy-
pothesis, there exists a surjective group morphism ψ : N/M → Q1 such that ψ(piM(g)) 6= 1 and where
|Q1| ≤ (log(C5 n))dimRFU(N/M) for some constant C5 > 0. Proposition 4.13 implies that dimRFU(N/M) ≤
dimRFU(N), and thus, DN(g)≤ (C5 log(C5 n))dimRFU(N) .
Therefore, we may assume that piM(g) = 1; hence, we may write g= ∏
h(M)
i=1 x
αi
i . For each 1≤ i≤ h(M),
the Prime Number Theorem implies that there exists a constant C6,i such that for all k ∈ N, there exists a
prime p ∈ URN,xi such that p ≤ C6,i log(C6,i|k|) and where p ∤ k. We let C6 = max{C6,i | 1 ≤ i ≤ h(M)}.
Proposition 2.3 implies that there exists a constantC7 > 0 such that |αi| ≤C7 nc for all 1≤ i≤ h(M). There
exists a primitive element z ∈M such that zm = g for some nonzero integer m. Writing z = ∏h(M)i=1 xβii and
noting that
{
x1, · · · ,xh(M)
}
are central elements, we have that βim = αi for all i, and thus, it follows that
|m| ≤ |mβi|= |αi| ≤C7 nc. The Prime Number Theorem implies that there exists a prime p ∈URN,xi0 such
that p ≤C8 log(C8 n) for some prime p where p ∤ |m|. Proposition 4.5 implies that there exists an index i0
such that if ϕ : N→ P is a p-witness of xi0 for some prime p, then ϕ(z) 6= 1.
Proposition 4.5 implies there exists an index 1≤ i0 ≤ h(
√
γc(N) such that if ψ : N→ P is a p-witness of
xi0 , then ψ(z) 6= 1. Moreover, we have that |P| ≤ pdimRFU(N). Since p ∤ m, we have that OrdP(ψ(z)) ∤ |m|. In
particular, ψ(g) = ψ(zm) 6= 1. Thus, DN(g)≤ (C8 log(C8 n))dimRFU(N) . Thus, FN(n)- (log(n))dimRFU(N) .
Now suppose that N is an infinite, finitely generated nilpotent group where |T (N)| > 1. By definition,
ψRF(N) = ψRF(N/T (N)). Thus, we have that FN/T (N)(n)- (log(n))
ψRF(N) by the above arguments. Propo-
sition 4.17 implies that FN(n)≈ FN/T (N)(n)- (log(n))ψRF(N) .
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Now suppose that N is an infinite, finitely generated nilpotent group that has tame residual dimension
where |T (N)| > 1. As before, we note that dimRFU(N) = dimRFU(N/T (N)) by definition. The above
arguments and Proposition 4.17 imply that we may write FN(n)≈ FN/T (N)(n)- (log(n))dimRFU(N) . 
7. RESIDUAL FINITENESS OF FINITELY GENERATED NILPOTENT GROUPS WITH ACCESSIBLE
RESIDUAL DIMENSION
We now prove Theorem 1.4.
Theorem 1.4. Let N be an infinite, finitely generated nilpotent group such that N/T (N) has step length
c> 1, and suppose that N has accessible residual dimension. Then there exists a natural number dimARF(N)
such that c+ 1≤ dimARF(N)≤ ψRF(N) and where
FN(n)≈ (log(n))dimARF(N) .
Proof. By Theorem 1.3, we have that FN/T (N)(n) - (log(n))
dimRFU(N/T (N)) and that dimRFU(N/T (N)) ≤
ψRF(N/T (N)). By Theorem 1.2, we have that (log(n))
dimRFL(N/T (N)) - FN/T (N)(n). Moreover, we have the
following inequality c+ 1≤ dimRFL(N/T (N)). Since
dimARF(N/T (N)) = dimRFL(N/T (N)) = dimRFU(N/T (N)),
we have that FN/T (N)(n) ≈ (log(n))dimARF(N/T (N)). Proposition 4.17 implies that FN(n) ≈ FN/T (N)(n).
Since dimARF(N) = dimARF(N/T (N)) and ψRF(N) = ψRF(N/T (N)), it follows that c+ 1≤ dimARF(N)≤
ψRF(N). Thus, FN(n)≈ (log(n))dimARF(N) . 
8. EFFECTIVE SEPARABILITY OF FILIFORM NILPOTENT GROUPS
We start this section by defining Filiform nilpotent groups.
Definition 8.1. Suppose that N is a torsion free, finitely generated nilpotent group of Hirsch length h ≥ 3.
If N has step length h− 1, then we say that N is a Filiform nilpotent group.
A collection of Filiform groups are groups given by the presentation where h≥ 3:
Fh = 〈x1, · · · ,xh | [x1,xi] = xi+1 for 2≤ i≤ h− 1 and all other commutators are trivial 〉 .
In particular, this class of Filiform groups include the 3-dimensional integral Heisenberg group.
Let N be a Filiform nilpotent group of Hirsch length h. The torsion free quotient of the abelianization
of N is isomorphic to Z2. We also have that the Hirsch length of
√
γi(N) is h− i for i > 1 and that√
γh−1(N)∼= Z.
We start by calculating the order of a finite p-witness for a primitive element for all but finitely many
primes.
Lemma 8.2. Let N be a Filiform nilpotent group of Hirsch length h ≥ 3 and let p be prime number. Let
z ∈
√
γh−1(N) is a primitive element where zk ∈ γh−1(N). If ϕ : N→ P is a p-witness for z where p ∤ k, then
|P|= ph.
Proof. Under the group morphism pip : N → N/N p, we have that pip(z) 6= 1 and |N/N p| = ph. Therefore,
|Q| ≤ ph. Now suppose that ϕ : N→Q is a surjective group morphism to a finite p-group where ϕ(z) 6= 1.
Since gcd(k, p) = 1, we have that OrdQ(ϕ(z)) ∤ k. Subsequently, ϕ(z
k) 6= 1. Thus, ϕ(γh−1(N)) is nontrivial,
and hence, Q has step length h− 1. Lemma 4.1 implies that |Q| ≥ ph. Hence, |Q|= ph. 
As a consequence, we are able to show that all Filiform nilpotent groups have accessible residual dimen-
sion.
Proposition 8.3. Let N be a Filiform nilpotent group of Hirsch length h. Then N has accessible residual
dimension.
RESIDUAL DIMENSION OF NILPOTENT GROUPS 17
Proof. We proceed by induction on step length of N. Since N/
√
γh−1(N) is either a lower dimensional
Filiform nilpotent group or abelian, we have by induction that N/
√
γh−1(N) has acessible residual dimen-
sion. Let z ∈
√
γh−1(N) be a primitive el ement. There exists an integer k such that zk ∈ γh−1(N). If we let
A= {p ∈ P | p divides k}, we have that A is finite. In particular, P\A has positve natural density; moreover,
we have that P\A⊆ RPN,x,h. Thus, we have that RPN,z,h is all but finitely many primes which implies that
it has positive natural density. Finally, one can see that ∪h−1i=1 RPN,z,i ⊆ A. Thus, either RPN,z,i either has
positive natural density or is finite for all i. 
As a consequence, we are able to precisely compute FN(n) when N is a Filiform nilpotent group.
Corollary 8.4. Let N be a Filiform nilpotent group of Hirsch length h ≥ 3. Then FN(n) ≈ (log(n))h. In
particular, if N is the 3-dimensional integral Heisenberg group, then FN(n)≈ (log(n))3.
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